We systematically study the indirect interaction between a magnon mode and a cavity photon mode mediated by travelling photons of a waveguide. From a general Hamiltonian, we derive the effective coupling strength between two separated modes, and obtain the theoretical expression of system's transmission. Accordingly, we design an experimental set-up consisting of a shield cavity photon mode, microstrip line and a magnon system to test our theoretical predictions. From measured transmission spectra, indirect interaction, as well as mode hybridization, between two modes can be observed. All experimental observations support our theoretical predictions. In this work, we clarify the mechanism of travelling photon mediated interactions between two separate modes. Even without spatial mode overlap, two separated modes can still couple with each other through their correlated dissipations into a mutual travelling photon bus. This conclusion may help us understand the recently discovered dissipative coupling effect in cavity magnonics systems. Additionally, the physics and technique developed in this work may benefit us in designing new hybrid systems based on the waveguide magnonics.
I. INTRODUCTION
Engineering hybrid systems which combine complementary physical components is one of the central goals in quantum technology. [1] [2] [3] [4] [5] Following this approach in the past few years, the field of cavity magnonics has been developed through the coupling of collective spin excitations, i.e., magnons, with cavity photons. 6, 7 This system was first proposed by Soykal and Flatté in 2010 7 , but only realized experimentally since 2013 [8] [9] [10] [11] [12] [13] [14] [15] . So far, many technologies have been developed based on this versatile system, for example the gradient memory architecture 16 , single magnon detection 17 , non-local spin current manipulation 18 , cavity magnon polariton logic gate 19 , giant non-reciprocity 20 etc.. In all these previous works, spatial mode overlap between the cavity microwave field and the magnon mode is essential to achieve strong photon-magnon interaction, and hence magnon systems are deliberately placed inside cavities. An inevitable problem is that all operations in cavity magnonics systems must take in account both the geometry and mode distribution of cavities. To get ride of these spatial limitations, coupling magnon system to other resonant components, including cavity photon, qubit and atom etc., through travelling photons may be a feasible solution.
In fact, this kind of indirect interactions mediated by travelling photons is a main object of research in waveguide quantum electrodynamics (QED). It has been verified in various systems including quantum dots 21, 22 , atoms [23] [24] [25] and superconducting circuits [26] [27] [28] , but has not yet been tested in magnon system. In this work, we firstly extend the idea of waveguide QED into magnon system, and systematically study the interaction between a magnon mode and a separated cavity photon mode. At beginning, we construct a general Hamiltonian, from which theoretical explanation of the indirect interaction between two separated modes is given. This effect is sustained by travelling photons, and its intensity equals to the square root of the product of two modes' phase correlated dissipations. Accordingly, we design an experimental set-up consisting of a magnon system, microstripline and a shield cavity photon mode. From measured transmission spectra, mode hybridization between the magnon mode and the separated cavity photon mode can be observed, which exhibits a strong dependency in the separation of two modes. All these experimental observations well confirm our theoretical predictions. Our work clarifies the mechanism of dissipative coupling mediated by travelling photons, which is useful for us to understand the recently discovered dissipative coupling 20, [29] [30] [31] [32] [33] [34] [35] [36] [37] and giant non-reciprocity 20 in cavity magnonics systems. Additionally, the physics and technique developed in our work may help us design new hybrid system based on waveguide magnonics.
II. THEORETICAL MODEL
In cavity magnonics systems, strong interactions between cavity photon and magnon arises from the spatial overlap of the cavity microwave field and the magnon mode. However, in a waveguide magnonics system, such a direct overlap is unnecessary, because a magnon mode in waveguide can be coupled to other components, including a separated cavity photon mode, through their correlated dissipations into a mutual waveguide photon bus. To illustrate this effect, we construct a general Hamiltonian in the form of:
wherem(m † ) andâ(â † ) are the annihilation (creation) operators of the magnon mode and the other resonant mode, respectively. ω m and ω a correspond to their uncoupled mode frequencies. Considering these two mode are separated with each other in a waveguide, there is no direct mode overlap between them. Therefore, the direct coupling effect between them has not been considered in this Hamiltonian. The third term of Hamiltonian represents travelling photons in a waveguide, which is an integral of wave vector over the whole real domain (−∞ to ∞).p k is the boson annihilation operator of the travelling photon with [p k ,p k ] = δ(k − k ). ω k is the frequency of travelling photon with a wave vector of k.
The last term of the Hamiltonian describes the dipole interactions between travelling photons and each mode, which are linear inp k andp k † . λ m and λ a are individual coupling strengths of two modes with travelling photons. φ indicates the phase delay of the travelling photon from one mode to another, i.e., φ = kL where L is the separation between two modes.
B. Derivation of the Langevin equations
Following a standard procedure [39] [40] [41] and using the rotation-wave approximation, the equation of motion for the travelling photonp k can be solved from Eq. (1):
Also from the Eq. (1), motion equations of the magnon mode and the other mode can be solved as:
Substituting Eq. (3) into Eq. (4), the derived quantum Lagevin equations of two modes are:
Here, we assume that λ m and λ a are independent of wave vector k. Therefore, damping terms in Eq. (5) depend only on two modes' operators evaluated at time t, and this arises from the first Markov approximation. In addition, considering that both two modes are two-side systems with mirror-symmetry boundaries, their damping rates induced by travelling photons have been doubled in Eq. (5) 40 .p in is the input field which is defined as:
In our assumptive system, two modes are separately placed in a waveguide. Input field (p in ) arrives to each position at different time. Such a time delay has been considered by a travelling phase φ. In addition, besides this delay, the phase shift of input field after passing through a resonant mode should also be considered. For instance, input field passes through the modeâ(â † ) first before arriving to the magnon mode. The phase of input field (p in ) would be delayed by zero at ω k ω a , 90 • at ω k = ω a and 180 • at ω k ω a . In Eq. (5), this resonant phase delay 42 is described by θ.
Radiative damping rates of the two modes are approximately defined as γ ≈ 2πλ 2 m and κ ≈ 2πλ 2 a , respectively. Substituting them into Eq. (5), we get:
where α and β respectively represent intrinsic damping rates of the two modes. Unlike the two aforementioned radiative damping rates, these two intrinsic damping rates have no effect on the interactions between two modes. They correspond to the inelastic scattering process of two resonant modes, and dissipate modes' energies into surroundings as heat. According to our theoretical model, coupling strength between these two separated modes is −i √ κγe iφ . Obviously, when φ = nπ (n = 0, 1, 2, 3...), it becomes an imaginary number, i.e., the coupling effect between two modes is purely dissipative.
C. Transmission spectrum of system From Eq. (2), if we consider t 1 > t, travelling photon p k after interacting with two modes is:
The output field is defined as:
Carrying on the same procedures of Eq. (4) -(7), time-reversed Langevin equation of system can be derived, which describes the relation between two separated modes and the output fieldp out . Combining it with Eq. (7), we can obtain the input-output relation of system as:p
Using Eq. (7) and (10), transmission spectrum of system can be solved as:
where ω m and ω a respectively represent two modes' complex frequencies, i.e., ω m = ω m − i(α + γ) and ω a = ω a − i(β + κ). Because transmission spectrum can be directly measured from experiment, we choose it as the main study object in our following experiments. From Eq. (11), we note that transmission spectrum is a mixture of two different effects. Besides the indirect coupling effect with a strength of −i √ κγe iφ , interference between two channels of input fieldp in via √ γe i(φ+θ) and √ κ also exists.
III. EXPERIMENTAL RESULTS

A. Characterization of the indirectly coupled cavity magnon system
Based on the theoretical model, we designed an experiment to test the indirect interaction between a magnon mode and a cavity photon mode in a planar waveguide. Figure 1 (a) shows the experimental set-up, which contains three main parts: i) a cross cavity, which is shielded by a metal box; ii) a yttrium iron garnet sphere (YIG), whose position can be precisely controlled by a motor stage; iii) a 50 Ohm matched microstrip line, which is used to connect the cross cavity and the YIG sphere.
The impedance matched microstrip line is fabricated on a 0.813 mm thick RO4003C substrate with a width of 1.67 mm. The cross cavity consists of two perpendicular arms, and is conductively connected to the microstrip line. The half-length of its vertical arm is 17.5 mm, which determines the mode frequencies of cavity. A 1 mm-diameter YIG sphere is placed on the top of the microstrip line and away from the cavity photon mode. A motor stage is used to move the YIG sphere along the microstrip line, and its variation range is from L = 25 mm to L = 60 mm. Because the cavity photon mode is shielded by the metal box, no direct mode overlap exists between it and the magnon mode. Considering both of these two modes are coupled to a mutual transmission line, any interaction arising between them can be attributed to the mediation of travelling photons. Without the YIG sphere, the transmission spectrum (S 21 ) of system is plotted in Fig. 1 (b) as a function of ∆ a = ω −ω a . From it, radiative damping rate (κ/2π), intrinsic damping rate (β/2π) and mode frequency (ω a /2π) of the cross cavity are fitted as 1.77 GHz, 7 MHz and 2.775 GHz, respectively. The red solid line is the calculation result by using Eq. (11) with setting ω m /2π = 0 GHz. After placing a YIG sphere at L = 41 mm ( Fig.  1 (a) ) and setting ω a = ω m , the measured transmission spectrum of system is plotted in Fig. 1 (c) . The two resonant dips in the spectrum are the result of the hybridization of the cavity photon mode and the magnon mode. Besides a small dip at ∆ a /2π = 4 MHz, an ultra-sharp dip 20,43 occurs at ∆ a /2π = −3 MHz with an amplitude of nearly -70 dB. Still using Eq. (11), this spectrum can be well reproduced (red solid line in Fig. 1 (c) ) with setting γ/2π = 0.58 kHz, α/2π = 1.38 MHz, φ = 40.3 • and θ = 90 • . In this case, θ = 90 • is because mode hybridization was measured at the condition of ω a = ω m . After passing through the cavity mode, the phase of input signal (p in ) would be shifted by a 90 • .
B. Indirect interaction between two separate modes at different separations
After characterizing the system, we set ω m = ω a , and measure transmission spectra of system at different positions of YIG sphere. Figure 2 from −∆ a to +∆ a with increasing the separation L, and nearly disappears at L = 47 mm. Figure 2 (b)-(d) are three typical spectra respectively measured at L = 53 mm, L = 47 mm and L = 41 mm. By using Eq. (11), all these three spectra have been well described (red solid lines). Furthermore, we fit all spectra shown in Fig. 2 (a) , and plot the results in Fig. 3 (a)-(c) . The radiative damping rate γ decreases from maximum to zero, and then becomes negative after L = 47 mm ( Fig. 3 (a) ). By contrast, the intrinsic damping rate of the magnon mode α (Fig. 3 (b) ) shows a sinusoidal dependence in separation L. It reaches the maximal value at L = 30 mm, and then decease to minimal value at L = 47 mm. As indicated by two dashed lines in Fig. 3 (a) and (b) , the separation between the maximal and minimal values of intrinsic damping rate is 17 mm, which approximately equals to the half-length of the vertical arm of cross cavity (17.5 mm), i.e., a quarter-wavelength of cavity photon mode 26, 27 . Such a consistency between the spatial variation of damping rates and the wavelength of cavity photon mode indicates the influence on magnon system from the separate cavity photon mode.
In our system, the magnon mode interacts with travelling photons, which leads to relaxation, due to the emission of a photon at the resonant frequency, and a Lamb shift of mode frequency, due to the emission of virtual photons. Since both real and virtual photons can travel for a long distance in transmission line before being lost, they have a chance to be absorbed by the separate cavity photon mode when passing through it 26, 27 . Likewise, the inverse process from cavity photon mode to the magnon mode is also true. Because of the exchange of real and virtual photons through a mutual transmission line, a nontrivial interaction between two separate modes arises. For the magnon mode, it emits photon to the transmis- FIG. 3. (a) and (b) Radiative damping rate (γ) and intrinsic damping rate (α) of the magnon mode fitted from transmission spectra shown in Fig. 2 (a) . A sine function (blue solid line in (b)) is plotted to guide the eyes. The separation between the maximal and minimal values of two damping rates is indicated by two dashed lines, which equals to a quarterwavelength of cavity photon mode. sion line, and, meanwhile, absorbs photon transmitted from the cavity photon mode. The residue of these two competitive processes results in the radiative damping of the magnon mode (γ). Depending on which process is dominant, the radiative damping of the magnon mode can be either positive or negative, as shown in Fig. 3 (a) . At L = 47 mm, because two processes nearly cancel with each other, the radiative damping rate of the magnon mode vanishes.
Additionally, for the spatial variation of intrinsic damping rate α, we conjecture it may arise from the inelastic scattering process of the magnon mode. α contains two main parts: Gilbert damping and inelastic radiation. Gilbert damping of the magnon mode is determined by material's properties, which is independent of YIG's position. By contrast, the inelastic radiation of the magnon mode relates to the redistribution of waveguide electromagnetic field because of the existence of the cavity photon mode. When γ reaches the maximal value at L = 30 mm, energy dissipation of the magnon mode into both the travelling wave and the cavity photon mode reaches the maximal. Consequently, inelastic radiation of the magnon mode is enhanced, and α reaches its maximal value at this position. However, at L = 47 mm, both two dissipation channels are shut down, because γ nearly vanishes. In this condition, the magnon mode becomes decoupled with surroundings 26 , so that inelastic radiation of the magnon mode nearly disappears. α falls back to the Gilbert damping rate around 0.5 MHz 38 .
Unlike two damping rates of the magnon mode, the travelling phase (φ) exhibits a good linear relation with the separation L. Based on experimental data, φ at L = 0 mm can be calculated as −5 • (≈ 0 • ), which indicates cou- pling strength −i √ κγe iφ is an imaginary number at the intersection of the cross. In this condition, coupling effect between two modes is purely dissipative. This conclusion derived from our theoretical model is well consistent with previous works performed in the cross cavity 20, 32 . By using the extracted γ and φ from curve fitting, effective coupling strength between two separated modes, i.e., −i √ κγe iφ = J + iΓ, can be calculated ( Fig. 3 (d) ).
Here, J and Γ respectively represent the effectively coherent and dissipative coupling strengths between two modes. Note that the coherent coupling strength J arises from the mediation of travelling wave, rather than the direct mode overlap of two modes in previous work 20 . At the separation of L = 47 mm, both J and Γ vanish, because γ is zero. J stays positive for all separations, but Γ would change sign at L = 47 mm. The switching sign of Γ results in the observed ultra-sharp dip in transmission spectra changes from −∆ a to +∆ a 20 .
C. Mode hybridization at different bias magnetic field
To further understand the interaction behaviours between two separated modes, we have chosen three separations and measured transmission spectra of the system with sweeping the bias magnetic field ( Fig. 4 (a) , (c) and (e)). From Fig. 4 (a) and (e), a small gap occurs when frequencies of two modes matching with each other. In these two cases, coupling strengths −i √ κγe iφ are complex, so that mode hybridization of system exhibits as a mixture of level repulsion and level attraction. By contrast, at the separation of L = 47 mm, because the radiative damping rate γ vanishes, coupling strength of system decreases to almost zero. No obvious coupling gap can be observed in the transmission mapping ( Fig. 4 (c) ). Figure 4 (b), (d) and (f) are calculation results based on our theoretical model. The consistency between experimental data and theoretical calculation demonstrates that our theory built on the mediation of travelling photons grasps the main features of the indirect interaction between a cavity photon mode and the magnon mode. Away from the cavity mode frequency, difference between experimental data and calculations gradually emerges. The reason is that both φ and θ obtained at the condition of ω a = ω m deviate from their actual values as |ω a − ω m | increasing during calculations.
IV. CONCLUSION
In this work, we studied the indirect interaction between a magnon mode and a cavity photon mode mediated by travelling photons. From a general Hamiltonian, we derived the effective coupling strength between two modes. It is determined by both values and relative phase of two modes' radiative damping rates, i.e., −i √ κγe iφ . Therefore, at different separations, the coupling effect between them can be either coherent or dissipative. According to these theoretical predictions, we designed an experiment to test the interaction between a shield cavity photon mode and a magnon mode at different separations. Experimental observations confirm our theoretical predictions. Even without direct mode overlap, two modes can still couple with each other through their phase correlated dissipations into a mutual travelling photon bus. Our work demonstrates the indirect interaction mediated by travelling photons both in theory and experiment. The physics revealed in our work may help us develop the waveguide magnonics, and design new hybrid systems for quantum information processing.
